Lines on hypersurfaces with isolated singularities are classi ed. New normal forms of simple singularities with respect to lines are obtained. Several invariants are introduced.
Introduction
Simple surface singularities have been known for long time since they occur in several di erent situations. They have at least fteen characterizations 4]. One often describes them by the normal forms of their de ning equations in certain coordinate system. This has been done by Arnol'd 1] and Siersma 8, 9] . The idea is to classify all the surfaces that contain the origin 0 under the right equivalence de ned by the group R, consisting of all the coordinate transformations preserving 0. The equivalence classes without parameters in their normal forms are called the simple surface singularities, or the A ? D ? E singularities.
The observation by Gonzalez-Sprinberg and Lejeune-Jalabert 5] that on a singular surface X in C 3 one can not always nd a smooth line passing through the singular point was our starting point for classifying functions f, where the corresponding hypersurface X = f ?1 (O) contains a smooth curve.
We take the following set-up. Take a line L as the x-axis of the coordinate system in C n+1 , classify all the hypersurfaces that contain L under the equivalence de ned by the subgroup R L of R, consisting of all the coordinate transformations preserving L. If we compare this with the usual R-classi cation of surfaces, the result classi es the lines contained in X. Our work is in fact about the pair (X; L).
We obtain the following results:
The R L -classi cation is ner than the R-classi cation, i.e. there are di erent positions' of lines on the same hypersurface. 1 There exist an R L invariant , which counts the maximal number of Morse points on the line over all Morsi cations.
is invariant under sections with generic hyperplanes containing L. Another proof of the non-existence of lines on E 8 surface.
We also introduce a sequence of higher order R L invariants which gives more information about lines on hypersurfaces. It turns out that our work tells how lines are embedded in a hypersurface.
What brought this problem to our attention was the study of functions with non-isolated singularities on singular spaces 7] . Natural questions are: given a singular hypersurface X with isolated singularity, does there exist smooth curves on X passing through the singular point of X? If there exist smooth curves on X, how many of them? etc.
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1 Lines contained in singular spaces 1.1 Let L be a smooth curve in C n+1 . Since L is locally biholomorphic to a line, we often say that L is a line. Let X be a singular space embedded in C n+1 . If for a singular point O 2 X sing , there exists a line (smooth curve) L in C n+1 such that O 2 L and L n fOg X reg , we say that X contains (or has ) smooth curve passing through O. Very often, we say that X contains (or has) a line passing through O.
1.2 On a singular surface X in C 3 one can not always nd a line passing through (not contained in) the singular locus of X. Gonzalez-Sprinberg and Lejeune-Jalabert 5], by using resolutions of singularities, have proved a criterion for the existence of lines on any (two dimensional) surface, and given a natural partition of the set of smooth curves on (X; 0) into families. Especially, on surfaces with A k , D k (k 4), E 6 or E 7 type singularity, there exist lines passing through the singular point. In fact one can nd easily lines on this kind of surfaces simply by looking at the de ning equations. But it is not easy to tell how many di erent lines there are on a surface, and what kind of invariants can be used to tell the di erences. The hardest thing is to prove the non-existence of smooth curve on certain surfaces (e.g. E 8 type surface loc.cit.). There exists similar question for hypersurfaces with other dimensions. It has an action on mg from the right hand side. This de nes an equivalence relation on mg.
We recall some notations from 10]. 2.5 Semi-continuity of (h) For h 2 gm with isolated singularity at 0, there exist deformations of h in gm such that for generic parameters, the deformed function has only A 1 type critical points. Is (h) a constant with respect to the deformation?
The answer is negative in general, as easy examples show.
In order to prove a semi-continuity result we consider a map In the following diagram, we record some adjacencies from the proof of the theorem above, called the classi cation tree. Note that it does not contain all the adjacencies. We give the explanation of the notations in table 3. It is natural to consider the above classi cations with four variables. We give here the beginning of the classi cation for simple singularities. The proof is very similar to the cases considered in x3. Also here we record some of adjancencies in the classi cation tree. We distinguish between = 1 and > 1. 
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